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ABSTRACT: A coarse-grained method for simulating diffusion of a small molecule within a glassy polymer
was developed and implemented. The method builds on our previous work in which molecular-level jump
rates between likely sorption states were calculated with multidimensional transition-state theory
incorporating explicit chain motions that accompany each jump. In this work we first use a reverse Monte
Carlo approach to generate large microstructures of sorption states and jump paths whose size,
connectivity, and rate constant distributions match those found in detailed molecular simulations of
methane in glassy atactic polypropylene. Next we simulate diffusion of isolated penetrant molecules in
these microstructures using kinetic Monte Carlo. Over small to moderate times, mean-squared
displacement increases sublinearly (anomalous diffusion) in structures of either low or moderate
connectivity and with either uniform rate constants or a distribution of rate constants. At long times,
regular diffusion is observed in all systems except the low-connectivity structure with a distribution of
rate constants. Through examination of the fraction of jumps that return to the initial state, we attribute
anomalous diffusion to situations in which a penetrant molecule is confined to regions of low connectivity
similar to a percolation cluster. The infrequent jumps that occur over longer times allow the penetrant
to move away from this confining region and experience regular diffusion. This phenomenon is present
with a distribution of connectivity and uniform rate constants, and it is exaggerated by a distribution of
rate constants. The regular diffusion regime is reached for displacements beyond 70 A and below the
edge length of the periodic cell employed, and the predicted diffusion coefficient is reasonable for methane

diffusing in glassy atactic polypropylene.

Introduction

Numerous products and processes, such as food
packaging and membrane separations, depend on the
relative permeation rates of small molecules through
polymer films. For the past decade, small molecule
diffusion has been investigated using molecular model-
ing and simulation, with the hope of identifying par-
ticular chain architectures and mechanisms that could
guide the development of new polymeric materials for
these applications. One difficulty, however, has been the
inability of traditional molecular dynamics simulations
(of duration 1—10 ns) to span the time scales relevant
for diffusion in glassy polymers (microseconds and
longer).

In molecular simulations (including molecular dy-
namics), the penetrant self-diffusivity is calculated
using the Einstein relation,?

which relates the diffusivity in d dimensions to the rate
of change of the average mean-squared displacement
[#p?[of individual penetrant species with respect to time
t, at long times. Molecular dynamics (MD) simulations

T Present address: Ford Research Laboratory, Ford Motor
Company, P.O. Box 2053, mail drop 3083/SRL, Dearborn, MI
48121-2053.

* To whom correspondence should be addressed.

10.1021/ma002157h CCC: $20.00

of penetrant diffusion?=32 yield ry(t) by directly integrat-
ing the equations of motion, limiting their applicability
to systems with diffusion constants greater than 10~7
cm? s~1, In systems that involve sizable energy barriers,
transition-state-theory (TST)-based simulations!933-43
use sequences of independent penetrant jumps to de-
termine rp(t). With both methods (applied appropri-
ately), increases in mean-squared displacement [#,20]
with respect to time become linear at sufficiently long
times, and a diffusion coefficient can be extracted.
Over intermediate time scales, a so-called “anomalous
diffusion regime” for small-molecule penetrants in
glassy and melt polymers has been observed in molec-
ular simulations,1417:19.24,253035.36.44 consistent with

rgueky 2)

where n < 1. The anomalous exponent n = 1/, has been
seen for many systems: helium3%3644 and argon36 in
polycarbonate; helium,?* methane,” and oxygen2*25 in
polyethylene; helium436 in poly(isobutylene); and meth-
anel’ in poly(dimethylsiloxane). An exponent n = 0.53
has been found in more general percolation studies.*®
Anomalous diffusion has been observed in simulations
of other systems as well. Within the zeolite silicalite,
El Amrani and Kolb*® found a short anomalous region
for argon diffusion, but none was reported for diffusion
of xenon3® or aromatics.3® Diffusion on networks de-
scribed by percolating clusters have led to exponents
that become increasingly anomalous as the topology
progresses closer to the percolation threshold.4748
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Gusev et al.’53 noted that the anomalous regime
seemed to end when the average root-mean-squared
displacement reached the size of the simulation cell
used, after which the diffusion was normal (n = 1). The
size of the anomalous diffusion regime and its connec-
tion to elementary diffusion processes are reported here
for methane in glassy atactic polypropylene, using much
larger simulation cells.

Traditional methods for simulating jump-type diffu-
sion can be subdivided into several closely linked
steps: (1) generating a network appropriate for simu-
lating jump motions (including equilibrating the sur-
rounding chain structure and penetrant locations), (2)
determining the rate constants along each path, (3)
generating a sequence of jumps on that network, and
(4) extracting [Ep%(t)Cover long times. The same simula-
tion cell has typically been used for all these steps. In
crystalline materials these methodologies are appropri-
ate, since periodic replication of the unit cell correctly
describes the long-range structure. However, in amor-
phous materials this imposes over long length scales the
correlations found over short length scales in a particu-
lar configuration. Consequently, penetrant diffusion
rates through amorphous polymers have potentially
been calculated via simulation over a length scale equal
to or longer than that of the periodic simulation cell in
use and thus in the presence of periodic correlations.

We demonstrate a new approach here for generating
a network appropriate for simulating diffusion that
originates from jump-type motions, such as that of small
molecules in glassy polymers. We then apply the method
to methane diffusion through glassy atactic polypropy-
lene. First, the small length-scale simulation cells used
in our previous works*%4249 were reanalyzed in order
to determine (1) the number of jump pathways that
emanated from each void (or “sorption macrostate”) in
the polymer matrix and (2) the distribution of angles
between consecutive jumps that a penetrant could
execute. In combination with the macrostate-to-mac-
rostate jump distance distribution (from ref 42), these
properties were used in a reverse Monte Carlo simula-
tion® to generate a number of large, random networks
whose instantaneous site-to-site statistics agree with
the macrostate distributions found in the small, atom-
istic structures. Each site on such a coarse-grained
network corresponds to a sorption macrostate in the
atomistic systems. Sorption site occupancy probabilities
and jump rate constants were assigned to this network
from the distributions observed in the atomistic simula-
tions, and finally diffusion was simulated on the result-
ing network with kinetic Monte Carlo. This coarse
graining enabled semimolecular consideration of diffu-
sion over much longer length scales than were accessible
previously, with periodic boundary conditions only aris-
ing over length scales longer than those required for
normal diffusion to occur.

Simulation Methods

Network Generation with Reverse Monte Carlo.
Our hypothesis regarding generation of a large network
of sorption states is that if its statistically based
structural and rate properties equal those calculated in
atomistic polymer simulations, diffusion on this network
will adequately reproduce diffusion through the atom-
istic polymer system. While a single large structure
could technically be represented in atomistic detail on
the currently largest computers, each potential energy
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calculation would be very slow, and identifying local
minima (typically the starting point of the simulation)
and equilibrating the structure would be computation-
ally intractable. Sampling the numerous penetrant
jumps that could occur would increase the intractability
further.

Instead, we developed a method in the spirit of the
reverse Monte Carlo method.5°=52 In reverse Monte
Carlo (RMC), the objective is to find a set of particle
positions whose structure factor (or radial distribution
function) matches one determined experimentally.50:53
Given any initial configuration, particle displacements
are used to improve the agreement between calculated
and experimental structure factors, with each move
accepted or rejected with a Metropolis-type>* criterion:
if agreement improves, accept the move; if agreement
worsens, accept the move with a probability proportional
to exp(—Aly?). The term A represents some suitable
objective function, such as the mean-squared error
between the simulated and experimental structure
factors. The term y? plays the same role that tempera-
ture does in a typical Monte Carlo simulation: for large
%2, fluctuations away from the target distribution in-
crease; for small 2, the fluctuations become small and
the target distribution corresponds to the zero of tem-
perature. McGreevy®° recommended using the experi-
mental error of the measurement for y2; here, we used
a decreasing sequence of x? values to obtain good
agreement (see below). For systems governed by a
purely two-body potential, configurations resulting from
RMC are unique in that other properties calculated from
them yield essentially the same results as those calcu-
lated directly from the underlying potential.52 For
systems governed by a many-body potential, the struc-
ture factor of these configurations will match those of
the underlying potential, but other properties might not
agree.5s

Here we take an analogous approach. Rather than
varying atomic positions to achieve agreement with a
structure factor, we vary the positions and connectivities
of sorption macrostates in an off-lattice network of
elementary jumps. The objective function for relaxing
the network structure contains the mean-squared error
relative to three probability-density distributions ob-
tained from our molecular simulations of penetrant
jump motions:404249 the number of “connections” per
macrostate p"j, the distances between connected mac-
rostates p!(l), and the angles between adjacent connec-
tions p®(Q). A connection implies that some pathway
exists for a penetrant to pass between the pathway’s
terminal positions, with concomitant polymer chain
motions facilitating the jump.

To initiate the simulation, the target connectivity and
jump distance distributions were renormalized to the
total number of sorption macrostates Ns and the total
number of jump distances NsN¢, respectively, where N
is the average number of connections per site. The
instantaneous distributions of the number of mac-
rostates with i connections (=n;), of the number of jump
pathways with lengths between jol and (j + 1)dl (= 1),
and of the probability that a jump-to-jump angle falls
between koQ and (k + 1)0Q (=Q«) were tabulated; dl
and 6Q are bin widths used to discretize the jump
distance and jump angle distributions, respectively.
(Note that n;, I;, and Qi are dimensionless distributions
that count the number of connections, number of
distances, and probability density of angles within a
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structure that fall within each bin i, j, k.) The resulting
objective function is

A= Z(ni — Np")? + JZ"J' — NNgp')* +
cz(szk -p%)’ (3

C = Ng is a large constant used to scale the deviations
from the jump angle distribution to place them on the
same order of magnitude as deviations from the con-
nectivity and jump-length distributions. The jump
network was then varied using Monte Carlo, with the
instantaneous values of the distributions (n;, 1j, €)
updated after each accepted move. Possible attempted
moves consisted of displacing a site (60%), adding a new
connection between two randomly selected and uncon-
nected sites (20%) or deleting an existing connection
(20%).

The initial site positions were chosen randomly within
the simulation cell. Structures were generated at the
sorption macrostate density found previously:4%42 4220
sites in a cube of edges 141.41 A %6 This size is about a
tenth of the thickness of the ultrathin skin found on
asymmetric glassy polymers used in membrane applica-
tions.5"58 Initially no periodic boundary conditions were
used, but then the average mean-squared displacement
for molecules diffusing within the resulting networks
reached a finite-size plateau.>® Consequently, periodic
boundary conditions were implemented in all results
reported here. Approximately 10% of the desired num-
ber of bonds were made initially between unconnected
pairs of sites chosen at random; the others were filled
during the MC procedure. A logarithmic series of
decreasing pseudo-temperatures y2 = 1000, 100, 10, 1,
and 0.1 was used to quench the sample into a local
minimum.

Assignment of Realistic Sorption Probabilities
and Jump Rate Constants. In order to simulate
methane ghost particles in a network fully characteristic
of glassy atactic polypropylene, the next step after
building the jump network is to choose sorption prob-
abilities and jump rate constants such that their
distributions reflect those calculated in the atomistic
simulations. Sorption coefficients were assigned first,
and then jump rate constants were chosen from the
distribution reported in ref 42, using a method described
below.

Sorption contributes to small-molecule permeability
in two respects. First, the larger the solubility S, the
larger the permeability P. This contribution is separable
from the diffusion contribution in the low-concentration
limit (P = DS).%° Second, the relative sorption within
different voids is linked to the jump rate constants via
microscopic reversibility,6!

PAKa—g = P Kg_a 4)

where pa is the probability of occupying a particular
macrostate A, relative to the probability of occupying
any region of the polymer, and ka—g is the rate to jump
from anywhere in macrostate A to anywhere in mac-
rostate B. Formally,

Pi
Kyag = — K. 5
ATB aII;nA(pA)" ®)
alljinB
where pj is the probability of occupying a subset i of
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macrostate A in which a jump can originate and ki—; is
the rate of jumping from this particular state i to a
particular state j in macrostate B. We have assumed
that (pi/pa) factors can be taken equal to unity; physi-
cally, this corresponds to assuming that a penetrant is
everywhere within the void at once, meaning that
motions within the void are sufficiently fast for the
penetrant to explore the entire void over the time scale
over which a channel remains open. In our previous
work,*2 almost all jumps i — j provided the only path
between A and B.
The solubility within each macrostate A

1 _ Pen D
AT ioT Xp( ﬁ) ©)

was estimated using Widom ghost-particle insertions,6263
with void mapping® used to allow insertions only in
those regions where geometric calculations*® suggested
a penetrant was likely to reside. The local-minimum
polymer structures that formed the initial guesses for
transition state searches in ref 42 were used for this
purpose. Additional ghost-particle insertions using only
the smallest voids were also performed in order to
improve their statistics in the sorption coefficient dis-
tribution.

To assign equilibrium macrostate solubilities to the
Ns sites of the jump network under consideration, the
resulting probability density distribution was dis-
cretized and the normalized cumulative probabilities

st = ( S s'a)as (7)

a=

that a sorption macrostate capacity is smaller than ndéS
were calculated, where 6S is a bin width and S'; denotes
the probability density for a solubility Sa to lie between
(a— 1)0S and adS. Next, for each site a random number
& was selected between 0 and 1, and the solubility Sa
for which the condition S®, < & < S held true was
assigned to that site, subject to the constraint that sites
connected to many neighbors were correlated with sites
of high solubility. Finally, the relative sorption prob-
abilities were normalized to unity. Note that no particles
have yet been placed on the network; these solubilities
correspond to the equilibrium concentrations toward
which a set of particles would evolve.

Initial estimates for the inter-macrostate “forward”
rate constants k; > were chosen from a uniform distri-
bution between 103 us~t and 10 us~1, with “forward”
referring to jumps from a low-probability site to a high-
probability site. “Reverse” rate constants were then
found from microscopic reversibility, eq 4, and the
instantaneous distribution (= k;) of jumps with rates
between iok and (i + 1)0k was generated. This distribu-
tion of rate constants was then evolved toward the
distribution in Figure 8 of ref 42 with an RMC approach
analogous to that used to generate the network struc-
ture. The only type of attempted move was to scale a
rate constant pair (coupled by eq 4) by a factor between
1071 and 10%. Moves were accepted or rejected on the
basis of the objective function

AR = ¢ (ki — k)*+C' S j(ky)? (8)

1= j=n+1
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The first term in eq 8 determines the deviation from
the target distribution. The second term is a penalty
function used to eliminate faster jumps. It provides a
driving force for jumps with rates faster than those in
the target distribution to return toward the target
values. Without such a driving force, we found that some
jumps would drift unbounded toward extremely fast
values. Jump rates slower than those in the distribution
were allowed; they block certain passages and decrease
the network connectivity over time scales shorter than
1/k. The pseudo-temperature profile used will be dis-
cussed below.

After assigning relative sorption capacities and rate
constants, the network was ready for a ghost-particle
simulation to begin. Analogous to the “frozen” positions
of voids and channels in a glassy polymer, the relative
sorption probabilities and jump rate constants remained
constant throughout the diffusion simulation. After a
sufficiently long simulation, ratios of ghost-particle
concentrations in different sites should match the
corresponding sorption probability ratios.

Simulating the Jump Process. We assume that
individual penetrant jumps are uncoupled from one
another and that the sequential visiting of states is a
Markov process,! since a penetrant is likely to spend a
long time exploring a sorption macrostate before jump-
ing. Immediately after a jump, the amount of time that
elapses before the next penetrant jump depends explic-
itly on the distribution of jump rate constants out of
occupied sites. Since each jump is independent of the
others, the waiting time distribution is distributed
according to?!

p(t) dt = R exp(—Rt) dt (9)

called a Poisson process, with R (defined below) equal
to the overall jumping rate. 1/R is the average waiting
time until the next jump will occur anywhere on the
network. The sorption macrostate population then
evolves according to a master equation,

Ng Na Ng Na

Z Z._ Ki-- pA+ Z szﬁ. s 0)

After some time, the macrostate probabilities stabilize
at their equilibrium values py’ that satisfy microscopic
reversibility (eq 4).

Our kinetic Monte Carlo scheme to simulate the
diffusion process is based on that described in ref 65.
To begin, a number of independent, noninteracting
“ghost” penetrants were placed on the sites of each
network, according to the equilibrium distribution pj’
= Sa/>Sa. The distribution was sampled after creating
a cumulative distribution,

s, (11)

using the same method as described above when as-
signing the sorption probabilities to each network.
Ideally, the number of penetrants N, should be much
larger than the number of sites Ns in order to sample
the probabilities p’ correctly. The large networks used
here necessitated using fewer ghost particles: Np ~ Ns
or Np < Ns. The number of penetrants in a macrostate
i at a time t is denoted below by N;(t).
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To begin a simulation step, the flux along each jump,

R, = Ni(tk; (12)

i—]j

the total flux among all sites,
R=% SR 1 (13)
T ]

and their ratio, the probabilities

Ri(t)

RO (14)

q;i(t) =

were calculated. Next, the expected waiting time 7 until
the next event was found from

r=— % In(1 — &) (15)

with the random number & chosen uniformly over [O,
1). The jump executed in this next event was chosen
from the probabilities gi—j(t), and the particular pen-
etrant leaving site i was chosen uniformly. Selection
from gi—j(t) was made in the same manner as above,
using the cumulative probability density distribution.
The site label for the jumping penetrant was updated,
the occupancies Nj(t) and Nj(t) were reset to account for
the jump, and the process was repeated. After a number
of jump events, the average mean-squared displacement
was calculated. In practice, only the fluxes out of the
sites i and j that involved the most recent jump had to
be recalculated according to eq 12; this decreased the
number of computations significantly for a large system.

Results

Intermacrostate Properties. Three probability den-
sity distributions for the number of neighboring mac-
rostates to which a single macrostate is connected are
shown in Figure 1. The circles indicate the neighbor
distribution found for intermacrostate methane jumps
in glassy atactic polypropylene within our earlier tran-
sition-state theory work.*? The triangles and squares
depict the neighbor distributions found for two different
hypothetical probe radii (1.9 and 1.28 A, respectively)
using computationally inexpensive geometric analysis.*°
The distributions for methane (from TST) and r, = 1.9
A (geometry) are similar, with most sorption mac-
rostates connected to very few (1—3) others and a small
number connected to many other macrostates. The
distribution for the smaller hypothetical probe indicates
a higher connectivity. The solid and dashed lines in the
figure are discussed below.

The angles between successive penetrant jumps were
defined by all pairwise combinations of jumps that
terminated in the same sorption macrostate. The dis-
tribution of angles (calculated for methane in aPP using
our TST work#?) is plotted in Figure 2. The thin dashed
lines in the figure indicate the distributions suggested
by combining the simulation results into different-sized
bins; the distribution indicated by squares was used in
the calculations below. The heavy dashed line indicates
the probability density function

o(6) =S sin 0 (16)

that is appropriate for a case in which the second jump
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Figure 1. Neighbor distribution (connectivity among mac-
rostates) in the TST, geometry, and RMC calculations. The
circles indicate the distribution estimated for methane in aPP
using TST.*? The triangles and squares indicate the distribu-
tions estimated for hypothetical probe radii of 1.91 and 1.28
A, respectively, using geometric analysis.*® The solid and
dashed lines indicate distributions that resulted from RMC
simulations to match the methane/TST (O) and 1.28 A/geom-
etry (O) distributions (structures | and I1). The dot—dash line
indicates the connectivity in the initial guess structure used
in the RMC calculations.

T T T
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probability density
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Figure 2. Jump—jump angle distributions calculated for
methane in aPP, based on our earlier TST simulations.*? Thin
dotted lines indicate different distributions obtained by chang-
ing the bin size used when combining the raw data. The
squares indicate the distribution chosen for use in later
calculations. The thick dashed line indicates a simple random-
angle model described in the text; this coincides with the initial
guess distribution in the RMC calculations. The thick solid
line indicates the final angle distribution found in the RMC
calculations.

orientation is chosen randomly from all directions on a
sphere centered at the end point of the first jump. The
heavy solid line will be discussed below. The distribution
from the simulations reveals concentrations of both
acute and obtuse jump—jump angles. Penetrant jump
pairs in which the second jump “backtracked” along the
first jump path were excluded from this distribution,
since they involve only one path, leading to the lack of
jumps at 180°. (Sequential forward and backward jump
sequences along the same path are physically realistic
and were allowed in the diffusion calculations described
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Table 1. Cooling Schedules Used To Create Network
Structures | and Il with Reverse Monte Carlo

fraction moves successful
del bonds

no. of moves
run pseudo-

no. inrun cumul T posn add bonds

(a) Structure |

1 25x10" 25x10” 1000 0.793 5.58 x 1072 5.66 x 1072
2 25x107 5.0x107 100 0.387 1.30 x 1072 1.25 x 1072
3 25x107 7.5 x 107 10 0.087 2.08 x 1073 1.97 x 1073
4 25 x 107 10.0 x 107 1 0.421 2.44 x 1073 2.45 x 1073
5 5.0 x 107 15.0 x 107 0.1 0.268 3.70 x 1076 2.90 x 1076
(b) Structure 11
1 25x107 25x107 1000 0.715 4.47 x 1072 4.59 x 1072
2 25x107 5.0x107 100 0.087 3.15x 1073 2.38 x 1073
3 25x107 7.5 x 107 10 0.024 6.99 x 104 5.80 x 10~
4 25 x 107 10.0 x 107 1 0273 1.70 x 107% 1.70 x 1073
5 5.0 x 107 15.0 x 107 0.1 0.171 5.00 x 1075 4.96 x 1075

below.) In general, the trend follows that of the random
distribution, but particular regions suggest the jump
orientations are not completely random. The absence
of acute angles below 30° suggests that it is unlikely
for distinct macrostates to lie extremely near to each
other, relative to the distances along single paths from
each one to a third macrostate. Fewer jumps are seen
near 90° than in the random distribution. This could
be a simulation artifact, because half the box size is

between the average jump length and V2 times the
jump length (the distance between two macrostates that
form a right triangle with a third macrostate). For
example, given an initial jump vector parallel to or 45°
from a box-edge vector, two perpendicular jumps at the
average jump length would lead to a macrostate just
further from or just closer to the original macrostate
than was typically found in the distribution of mac-
rostate separations (Figure 4). Consequently, a jump at
90° could create regions between these jumps and their
periodic images that are either too large or too small to
fit another single macrostate. Chain relaxations would
likely shift the void positions to more evenly divided
separations, removing the perpendicular jump-to-jump
angle. Comparing with results from others, Chassapis
et al.?®> found the opposite behavior for a number of
spherical oxygen united atoms diffusing simultaneously
in a Cy melt—consecutive jumps were more likely to
form angles below 40° or above 140°.

The neighbor distribution (connectivity), the jump
distance distribution,® and the jump angle distribution
characterize the two-state and three-state structural
correlations for sorption macrostates in atactic poly-
propylene, as probed by molecular simulations on the
25 A length scale. We next used that information with
the methods described in the previous section to gener-
ate much larger representative structures of sorption
macrostates.

Jump Network (Structure) RMC. Two large cubic
structures (edge length = 141.4 A) were created using
the RMC procedure. Structure | was based on the lower
connectivity found for methane in the TST calculations
as a “target”; structure Il was based on the higher
connectivity found for r, = 1.28 A in the geometric
analysis (see Figure 1). The sequence of decreasing
pseudo-temperatures used to relax the network struc-
tures and the fractions of accepted moves are listed in
Table 1. The decrease in the structure-generation objec-
tive function A vs increasing cumulative total number
of attempted moves is shown in Figure 3 for structures
I and Il. At the higher pseudo-temperatures, A de-
creased significantly before reaching a level about which
it fluctuated for a number of moves. Significant fractions
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Figure 3. Changes in the objective function during network
structure generation for structures | and Il (lower and upper
lines, respectively). Changes in slope indicate points where the
pseudo-temperature was changed.
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Figure 4. Target, initial, and final distribution of the
distances between connected neighbors. The target distribution
comes from Figure 11 of ref 42 and is indicated by circles. The
lines represent the initial (dot—dash line) and final (solid line)
distributions generated by RMC for structure I; lines for
structure Il overlap those shown. The inset highlights the
small-distance region, in which the only remaining jump
distances were located.

of position moves were accepted at all pseudo-temper-
atures, while the fraction of accepted connection addi-
tions/deletions decreased significantly with decreasing
pseudo-temperature.

The initial and final neighbor, jump angle, and
distance probability density distributions for structure
I are compared to the target distributions in Figures 1,
2, and 4. Solid lines indicate the final distributions. In
Figures 1 and 4, dot—dash lines indicate the initial
distributions; in Figure 2 the initial distribution falls
on the heavy dashed curve that represents random
orientations. The final neighbor distribution for struc-
ture Il is indicated in Figure 1 by a dashed line; the
jump angle and distance final distributions coincide
with those found for structure I. The final distributions
were calculated in each case from the single structure
at the completion of the network generation. It was not
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Figure 5. Visualization of the moderate-connectivity network
created by RMC. The box edge is 141.4 A. See text for details.

necessary to average over a number of different struc-
tures, since the system was large enough to be “self-
averaging”: enough different environments (states of
connectivity) existed within each structure to represent
the ensemble adequately. The agreement between the
target and final distributions illustrates the power of
RMC: a collection of sites showing the desired struc-
tural correlations can be generated successfully. Agree-
ment is “too good”, in that deviations from the target
distributions in the final structure are smaller than the
underlying errors in the target distributions.

The final configuration of macrostates and macrostate
connectivity in structure Il (moderate connectivity) is
illustrated in Figure 5. The macrostate centers are
indicated by dark spheres; larger spheres indicate
higher solubility. The connections among macrostates
are indicated by gray lines. The connections that appear
to exit the simulation cell are connected to periodic
images of macrostates. Apart from the randomly as-
signed solubility, no particular volume or shape was
attributed to each macrostate. However, the connectivity
distribution led to a spatial distribution of macrostate
density. A macrostate with many neighbors is, by
definition, surrounded by many other macrostates; these
macrostates each have neighbors of their own, causing
the local enhancement in density. The result is a
fluctuation in macrostate density over length scales
larger than the size of the molecular simulation cells
used to generate the target distributions. (Typically 6—7
simulation cells would span each edge of the box
pictured in Figure 5.) The large connectivities, which
are most responsible for the larger fluctuations in
macrostate density, were found with the poorest sta-
tistics in the molecular simulations.*®* Consequently,
these larger fluctuations are more prone to sampling
errors from the smaller-scale simulation.

Diffusion on Network with Uniform Sorption
Coefficients and Jump Rate Constants. The jump
network created by the RMC procedure is fairly disor-
dered compared to a crystalline array of sites, such as
a three-dimensional cubic lattice. The closest crystal-
like relative would be a percolation cluster created by
removing some of the site—site links between adjacent
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Figure 6. Mean-squared displacement as a function of time
for ghost particles on structures with equal sorption prob-
abilities and rate constants equal to 10 us™. Diffusion on the
structures with higher and lower connectivities is indicated
by the upper thick dashed and lower solid lines, respectively.
The dotted lines have slopes of 1, Y/, and /3; see text for details.
The dot—dashed line indicates the box size squared.

sites.5” Since unusual effects have been noted for
diffusion on percolation clusters (such as de Gennes’
“ant in a labyrinth” problem®8), diffusion on the gener-
ated jump network was first investigated without ap-
plying a distribution of sorption coefficients and jump
rate constants. Instead, all sorption coefficients and
site—site jump rate constants were set equal to one (in
dimensionless units) and 10 us™?, respectively.

Two kinetic Monte Carlo simulation runs were con-
ducted on structures | and I1. First, 5000 ghost particles
were assigned randomly to the 4220 sites. The initial
site positions were stored, and the continuous-time
discrete-space kinetic Monte Carlo procedure was used
to track the time evolution of ghost-particle site oc-
cupancies. The number of jumps that resulted in a ghost
penetrant returning to its initial site was also recorded.

The average mean-squared displacements in these
structures are shown in Figure 6 as a function of time.
The fractions of jumps denoting returns relative to the
initial structure are shown in Figure 10 as a function
of mean-squared displacement and will be discussed
below. Averaging was performed over all the ghost
particles but without averaging over different time
origins. The thin dotted lines denote the curves for
scaling exponents n = 1, 1/,, and /3. Within structure I,
three regimes are noticeable for the mean-squared
displacement (solid curve). Initially, its increase with
time is nearly parallel to the n = 1 line. At about 0.1
us, the increase in average mean-squared displacement
slows down and begins to follow a rate proportional to
tY2, At longer times near t = 6—7 us, the increase in
mean-squared displacement speeds up and is again
nearly proportional to time. Within structure 11, changes
in slope occur at similar times but are much smaller;
the increase in mean-squared displacement is linear
after approximately t = 1 us. Since the average mean-
squared displacement is larger, diffusion occurs faster
in structure 11.

Diffusion on a Network with Realistic Prob-
abilities and Rate Constants. Next, we assigned
sorption coefficients and macrostate-to-macrostate jump
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Figure 7. Convergence of jump rate constants toward the
target distribution (Figure 8 of ref 42). Each attempted move
either increased or decreased a single rate constant pair
assigned to the network. The objective function aR is defined
in the text. Upper and lower curves correspond to low and
moderate connectivities, respectively.
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Figure 8. Mean-squared displacement as a function of time
for ghost particles on a network with realistic rate constants

and sorption probabilities. Labels are the same as in Figure
6.

rate constants characteristic of methane in glassy
atactic polypropylene to structures | and Il. The pseudo-
temperature profile in Table 2 was followed to equili-
brate the site—site jump rate constants. Evolution of the
objective function (eq 8) is shown in Figure 7 for both
structures. Final agreement with the target distribution
was reasonable in both cases. The system with realistic
probabilities and rate constants was then simulated in
a manner analogous to that for the system with uniform
rate constants and sorption probabilities. For each
structure, 2000 ghost particles were placed on the 4220
sites according to the sorption coefficient distribution.
Continuous-time discrete-space kinetic Monte Carlo was
then used to track the evolution of the ghost-particle
population.

The average mean-squared displacements are shown
as functions of time in Figures 8 and 9 (logarithmic and
linear coordinates, respectively). The fractions of jumps
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Figure 9. Similar curve to Figure 8, but in linear coordinates.
The curve for the structure with low connectivity is not shown
since the linear regime was not reached. The dotted line
indicates a linear slope corresponding to D = 1.08 x 1078 cm?
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Figure 10. Fraction of jumps in which penetrants returned
to their initial starting positions as a function of mean-squared
displacement. The thin solid and dashed lines indicate results
for the low and moderate connectivity structures, using equal
sorption probabilities and rate constants. The heavy solid and
dashed lines indicate results for the same structures using
realistic sorption probabilities and rate constants. The vertical
dot—dash line indicates the box size squared. The other dot—
dash line indicates analytical results from a one-dimensional
random walk model.

Table 2. Different Rate Assignments to the Network
Structures Created with Reverse Monte Carlo?

no. of moves rate objective function

run no. pseudo-T inrun cumul A A (1)
init. 4.8 x 106 2.5 x 107
1 0.4 1x108 1 x10% 593.1 112.4
2 0.08 1x 108 2x 10%® 573.9 107.6

a8 The objective functions for the two structures are indicated
in the two rightmost columns. Each run leads to a different jump
network on which diffusivity calculations may be carried out.

that caused returns to the initial site are shown as a
function of mean-squared displacement in Figure 10.
The thin dotted lines in Figure 8 indicate scaling
exponents n = 1, n = 1/,, and n = /3. Within structure
I, after some initial noise the diffusion exponent appears
smaller than n = 1/3 at small times. It then increases to
between 1/3 and 1/, at an average mean-squared dis-
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placement of 500—600 A2, slightly higher than the onset
point for anomalous diffusion in the network with
uniform rate constants. It was not possible to reach the
linear diffusive regime (n = 1) in this structure, as seen
in Figure 8. Within structure 11, the diffusion exponent
equals n ~ 1/, for small times and increases to unity at
longer times (greater than 5 us). This turnover occurs
at an average mean-squared displacement of 5000 A2,
which is similar to where a linear increase was found
to set in in the simulations with uniform rate constants.
The linear region within structure 11 is also clearly seen
in Figure 9 by the heavy dashed curve. The thin dotted
line in Figure 9 indicates the Einstein relation (eq 1)
with D = 1.08 x 1078 cm? s~1. After the linear regime
is reached at t ~ 5 us, the diffusion rate is constant.
The dot—dash line indicates a mean-squared displace-
ment equal to the box size squared. The linear diffusion
regime has been reached long before the average ghost
penetrant revisits images of its original sites.

The cumulative fractions of jumps that resulted in
ghost penetrants returning to their initial site are shown
in Figure 10 as a function of mean-squared displace-
ment for all four sets of diffusion calculations. Thin lines
indicate results from the simulations with equal sorp-
tion probabilities and rate constants. Thick lines indi-
cate results from the simulations with realistic sorption
probabilities and rate constants. Results from simula-
tions with the low or moderate connectivity structures
are distinguished by solid and dashed lines, respectively.
The dot—dashed line indicates the results from a model
described next.

A model for this process may be constructed by
considering a one-dimensional random walk. Jumps
between sites are governed by the master equation

dp;
d_tl =kpi_y T Kpiyy — 2K'p; (17)

and all jump rate constants k' are assigned the same
value k' = 10 us™!. For an initial site occupancy
probability distribution p;(0) = dio (Kronecker delta), the
time evolution can be solved analytically, yielding?

p., = (exp —2k't)[K't + (K't)%2 + (K't)°12 +
(K't)’/144 + ...] (18)

A “return” in this model is defined as a jump from either

of sites i = £1 back to site i = 0. The rate of such jumps

occurring equals (p-1 + p1)K’' from eq 17. The total jump
rate equals the sum over all jump rates out of each site,

e

= 3 2kp, = 2K (19)

out T

and thus the fraction of jumps at time t that are returns
to the original site i = 0 equals (p-1(t) + pi(t))/2. The
cumulative fraction of jumps equals the time average,

e
f(t) = % N % dt (20)

Mean-squared displacement is calculated directly from
20= 2k'I%t, with | = 6.04 A chosen so the diffusion
coefficient in this simple model matches that for the
moderate connectivity structure with equal rate con-
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stants. The cumulative fraction is plotted vs mean-
squared displacement ?0Jin Figure 10.

For the simple model, the cumulative fraction of
returns rises smoothly until a mean-squared displace-
ment of ~100 A2 and then falls. From egs 18 and 20,
this pattern corresponds to the rise and subsequent fall
in the probability that a ghost penetrant will occupy a
site adjacent to the original site.

For the simulations with equal sorption probabilities
and rate constants, there are initially very few returns
to initial sites. Most jumps are by penetrants leaving
their initial state. Since each site has more neighbors
than in the simple model, the probability of occupying
any particular site is smaller, and hence, in analogy to
eq 20, the fraction of returns is smaller. With increasing
time, the fraction of returns reaches a peak value that
depends on the average connectivity (the larger the
connectivity, the more spread in the probability distri-
bution and the smaller the peak value of the fraction of
returns) and then decreases as penetrants diffuse away
from their initial locations.

The fractions of returns are initially much larger for
the simulations with realistic sorption probabilities and
rate constants. Particular penetrants are more likely
to jump (due to the distributions), and their shuttling
motions among neighboring states increase the fraction
of returns compared to that found in the uniform
distribution cases. Following eq 20, those particular
sites have much higher occupancy probabilities at small
mean-squared displacements. After significant mean-
squared displacements have occurred (i.e., long times),
the fractions of returns for the realistic cases fall to
those of the uniform distribution cases. This underlying
similarity indicates that the fraction of returns relates
to the underlying geometry of the penetrant diffusion
network, over times long enough for significant diffusion
to occur. Significantly, this convergence occurs before
the mean-squared displacement equals the box size
squared. The small fractions that remain indicate that
a few penetrants remain trapped in their initial state
even after the mean-squared displacement becomes
substantial.

Discussion

Several researchers have found anomalous diffusion
in simulations of penetrant diffusion through glassy
polymers. Muller-Plathe et al.’* and Gusev et al.’®
attributed the anomalous diffusion regime to two fac-
tors: (1) the restriction by the polymer of the allowed
penetrant paths, which consequently cannot be random;
(2) the separation of time scales between in-cavity and
long-range motions. Muller-Plathe also raised an anal-
ogy with diffusion on percolating clusters,*”*8 in which
many examples of anomalous diffusion can be found.
The percolation cluster analogy is very appropriate for
the present work and consequently will be discussed in
detail. Weber and Paul*® found that the crossover mean-
squared displacement to normal diffusion increased
with system size until a plateau value was reached.
Cuthbert et al.?% found that the anomalous exponent
and the crossover mean-squared displacement depended
on the penetrant size.

In diffusion simulations on random networks, diffu-
sion rate anomalies appear at connectivities near the
percolation threshold and describe how the diffusivity
exponent changes from n = 0 (a small, finite region) to
n = 1 (an infinitely large region),%” depending on how
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the time of interest compares to the deviation from the
percolation threshold—the anomalous region increases
in duration as the system approaches the threshold.%”
Stauffer and Aharony predict exponents of n = 0.66 in
two dimensions and n = 0.4 in three dimensions at the
percolation threshold.6” A wide variety of exponents
(depending on the specific lattice type and rate constant
distribution) were summarized in reviews.4”48 This work
differs from those summarized in that most disordered
materials have been studied by applying a distribution
of rate constants to an ordered lattice, rather than
applying uniform or distributed rate constants to a
disordered lattice.

Some simulations of lattice gases have been conducted
on ordered networks, with sufficient numbers of sites
or bonds removed in order to reach the percolation
threshold. (In three dimensions a fraction p. = 0.3116
of the sites remain occupied.) Roman®® studied a three-
dimensional system with noninteracting ghost particles;
he calculated an exponent of n = 0.38 £+ 0.02 for the
mean-squared displacement. Paetzold’® studied a simi-
lar system, but with multiple occupancies of sites
forbidden. For a concentration of 10% (relative to the
number of sites on the percolating cluster), he found
that an exponent n = 0.366 + 0.020 governed the mean-
squared displacement with respect to time. These
results clarify what exponents could be observed in
penetrant/polymer systems if the networks of traversed
pathways resemble percolating clusters.

One question that still remains is that the penetrant
jump networks here are disordered, and they do not
necessarily resemble a regular lattice with some sites
or bonds removed. Studies of the direct-current conduc-
tivity exponent, which is exactly analogous to the
diffusion exponent,’” have shed some light on this
situation. Halperin et al.”%72 addressed the continuum-
vs-discrete issue to some extent in the context of the
Swiss cheese model (the properties of the solid that
remains after spherical holes have been removed).”3-75
They found that the conductivity exponent increased
relative to its value in a discrete network. They also
emphasized that the particular distribution of transport
rates could affect the conductivity exponents.

Significant early studies of conductivity were con-
ducted by Pike and Seager.”®77 They established by
Monte Carlo simulation the percolation thresholds and
critical numbers of bonds per site for a number of
regular lattices in two and three dimensions. They also
found that conduction was well-described by a percola-
tion-type approach near p.: conductivity (and diffusivity
by analogy) is limited by the resistance (or barrier
height) of a few key pathways. Further from the
threshold, an effective-medium approach’ is appropri-
ate, so long as the distribution of resistances is not too
broad.” Such an approach has recently been applied by
Karayiannis et al.&

With the context for anomalous diffusion established,
we next discuss the Kkinetic Monte Carlo simulation
findings of this work. The observed increases in mean-
squared displacement with respect to time can be
classified (as in ref 19) into three regimes: linear at
small times, sublinear at intermediate times, and linear
again at longer times. In the first regime, all early jumps
constitute escapes from one (or a few) initial sites under
a first-order process; this leads to linear increases in
average mean-squared displacement with respect to
time.5® The fraction of jumps that return ghost particles
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to their initial site increases during this regime, signify-
ing the ever-increasing population that reside one jump
away from their initial site.

The second regime can be explained as a two-part
process. First, the fraction of jumps that bring ghost
particles back to their initial states has continued to
increase; this signifies even larger populations in sites
one jump removed from their initial sites. This fraction
then decreases, indicating that ghost particles are
spreading further away. In a continuum, this would
signify the onset of diffusive behavior: [#2[1Jt. However,
only a few pathways are available out of each site, and
each leads to another site from which few pathways are
available. Over the length scale of the few most probable
jump pathways, the path traced by the pathways
themselves resembles a random walk, so

IR(after m jumps) — R(initial)>Om  (21)

where m is the number of jumps. However, the ghost
particles are now limited to following this random-walk-
like pathway. On average, after a time t a particle will
only displace itself by m O t¥2 jumps and thus

w200 tH2 (22)

The second regime is subdiffusive (or “anomalous”)
since diffusive motions are limited to a pathway defined
on a random walk (a random walk on a random walk®?).
In the runs with equal rate constants, the mean-squared
displacement increases sufficiently faster than would
be found at the percolation threshold to state that the
connectivity available on this time scale is above the
threshold. In the context of the explanations of anoma-
lous diffusion by Miuller-Plathe et al. and Gusev et al.,
this suggests that the anomalous regime is related to
the first explanation: penetrant motion is restricted at
short time scales to few allowed paths.

The third regime represents true diffusion. The paths
followed by ghost particles have extended far enough
so that they detect the connectivity and dimensionality
of the network. The average mean-squared displace-
ment by ghost particles has now exceeded the size of
obstacles presented by nonexistent linkages or indirect
connections. The diffusivity in this regime, evaluated
from the Einstein relation (eq 1), equals 6.1 x 10~° and
36.5 x 107° cm? s7! for the low- and moderate-con-
nectivity systems with equal rate constants. A simple
estimate for the diffusivity D = (z/6)kl? can easily be
checked at this stage. From Table 1 of ref 42, an average
jump length 1 = 10.3 A or | = 7.40 A can be considered
typical, depending on whether an arithmetic or geomet-
ric mean is chosen. The rate constant equals k = 10 us™*
for all jumps in these uniform-rate runs. The average
connectivity is 2.5 and 4.0 for structures I and II,
respectively. For the low connectivity, the simple model
predicts D = 44.3 x 10°cm2stor D =228 x 107°
cm? s~1 for the arithmetic or geometric mean jump
length, respectively. For the moderate connectivity, the
simple model predicts D = 71.0 x 10 °cm? sl or D =
36.5 x 107° cm? s71, respectively. The diffusivity calcu-
lated from simulation for the low connectivity is slightly
smaller than that estimated by the simple model, while
the diffusivity found for the moderate connectivity is
comparable from both approaches. These results suggest
that this simple model is capable of predicting the
diffusion coefficient when all rate constants are equal.
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The simple model does not fare as well in the presence
of a rate constant distribution. For moderate connectiv-
ity, a diffusivity of D = 10.8 x 107° cm? s™! was
calculated from the simulation with a rate constant
distribution present. Applying the simple model with
the arithmetic mean jump length leads to an effective
mean rate constant of 3.0 us~1. Multiplying the uniform
rate constant of 10 us by the ratio of the diffusivities
in the presence or absence of the distribution also yields
an average rate of 3.0 us~'. Comparing to the rate
constant distribution used in creating the system (Fig-
ure 8 of ref 42), approximately 56% of jumps have this
rate or faster. This corresponds to an average of 2.3
bonds per jump site, which is slightly smaller than the
2.7 required to reach the percolation threshold in a
system of random nearest-neighbor bonds.”® Pike and
Seager’® suggested that this particular jump rate (cor-
responding to the time at which the bond network first
percolates) is the proper rate constant to use in this type
of simple model. For our system, such an approach leads
to a reasonable but not quantitative estimate of the
diffusion coefficient. To exceed a connectivity of 2.7
jumps per sorption site in the moderate-connectivity
system, jumps with rates in the range 0.1—1.0 us~* must
be included, which would suggest an effective jump rate
a factor of 10 smaller than that calculated with the
simple model.

The diffusion coefficient we have predicted from
molecular simulation for methane through glassy atactic
polypropylene cannot be compared directly with experi-
mental data. (We are not aware of any such data in the
literature.) Instead, we provide two alternative com-
parisons. First, diffusion coefficients and activation
energies have been reported® for argon and nitrogen
in an ethylene/propylene copolymer that has 31 methyl
groups per 100 carbon atoms. Extrapolating those
diffusion coefficients using the relation

E
D =D, exp(— R—_T_) (23)

leads to diffusion coefficients of 16.7 x 107° and 5.6 x
107° cm? s~ for argon and nitrogen, respectively, at 233
K. Second, the diffusion coefficient can be estimated
using correlations from van Krevelen.83 As input, these
correlations require the penetrant size (o = 3.76 A)83
and the polymer glass temperature (255 K). The result-
ing estimate is 1.0 x 1071 cm?2 s~1 for the diffusion
coefficient.

The appropriate diffusion coefficient from this work
to compare against these extrapolations and correlations
is the value 10.8 x 107° cm? s~ found for the moderate
connectivity network with a distribution of rate con-
stants. Agreement is excellent with the extrapolated
values for the ethylene/propylene copolymer. Within
that copolymer, we expect the methane diffusion coef-
ficient would fall between the argon and nitrogen values
because it has an intermediate size. The diffusion
coefficient we predict falls within that same range.
Agreement is not as good with the diffusivity estimated
by correlation; we predict that methane would diffuse
2 orders of magnitude more quickly than is predicted
by correlation. Presumably both methods are subject to
error during the extrapolation to low temperature, and
it is reasonable to expect that the true diffusion coef-
ficient for methane in atactic polypropylene falls in
between these extrapolated values.
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For the moderate- and low-connectivity uniform rate
systems and the moderate-connectivity system with a
distribution of rate constants, the crossover from the
anomalous to the diffusive regime occurs near [2[¥2 ~
41, 55, and 67 A, respectively. All these distances are
larger than the edge lengths used in the molecular
simulations referenced in the Introduction. This sug-
gests that the onset of diffusion at lower root-mean-
squared displacements in those cases is an artifact of
the system size. While the particular crossover mean-
squared displacement would depend on the polymer of
interest (and has been suggested to depend on the
penetrant®), the TST picture of diffusion predicts the
crossover would be similar for similar penetrants in the
same polymer, since similar three-dimensional diffusion
paths would be followed. It also suggests that the
disappearance of anomalous diffusion in previous simu-
lations at root-mean-squared displacements comparable
to the box length is a simulation artifact. A diffusing
penetrant, after traveling a box length L over an
average time 7 in a system with periodic boundary
conditions, finds itself in a position essentially identical
to its starting point. Diffusing the next L units will also
require a time 7 (on average); hence, the mean-squared
displacement will increase linearly over times signifi-
cantly larger than z, the time required to take a step of
size L from a coarse-grained perspective. This work
differs in that the normal diffusion regime is reached
well before the mean-squared displacement equals the
box-size squared. On the basis of the transition from
anomalous to regular diffusion, we estimate that a
length scale of 67 A corresponds to the size of correlated
pathways for methane and similar-sized penetrants in
polypropylene. This length is of the same order as the
size of macrostate density fluctuations; hence, the exact
value could be affected by sampling errors in deriving
the original connectivity distribution. However, since
even the better sampled connectivities are above those
required (on average) to exceed the percolation thres-
hold, we expect this picture is qualitatively correct.

The many exponents arising from percolation theories
of diffusion aid in interpreting the various regimes
observed here. The anomalous exponent n = 1/, is larger
than those for diffusion on percolation clusters but
matches the exponent for random-walk diffusion along
a random walk, suggesting that the latter is more
descriptive of the paths followed by diffusing penetrants
over intermediate to long time scales. At shorter times
in the network with rate constants and sorption prob-
abilities reflective of methane in atactic polypropylene,
the exponent is smaller than those found for diffusion
on a percolating cluster. A logical inference is that the
geometry over this time scale more closely resembles
that of a percolating cluster. An occasional site acts like
a “cul-de-sac”, and the time spent exploring it is wasted
in terms of net penetrant displacement. After longer
times, the probability of these slow channels having
opened at some point is larger, and thus the geometry
of the structure more closely resembles an infinite
cluster at p > p. rather than a percolating cluster at p
~ pc. The diversity in rate constants expands the range
of subdiffusive behavior (the extended size of the
anomalous regime in Figure 8 as compared to that in
Figure 6), but the distribution of geometric connectivity
on the network (in particular the presence of sites with
low connectivity) is sufficient to cause anomalous dif-
fusion. The increase and decrease in the fraction of
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jumps that are returns to an initial site support the
argument that anomalous diffusion in these separate
cases is due to the same underlying geometric cause but
over different times.

An implication of this result is that the concept of a
“macrostate” of local penetrant-location (free energy)
minima is not simply limited to one separation of length
or time scales. Visualization of the jump network
(Figure 5, see also ref 59) reveals dense sorption site
patches near sites that exhibit high connectivities. The
probability of overcoming a barrier (such as a particular
slow jump path) within such a region is much larger
than the probability of overcoming the same barrier
between collections of macrostates; in the former case
there are likely many circuitous routes that are greater
in distance but faster in elapsed time. Over a micron
length scale, there appear to be macrostates of mac-
rostates, and net diffusion would be limited by the rate
at which penetrants could travel between these “mac-
romacrostates”. It is not clear whether such hierarchies
would continue to emerge as the length scales of interest
increased, but it is certainly possible.

Conclusions

In this paper, we have developed methods for esti-
mating penetrant diffusivity that are less susceptible
to the small length-scale problems inherent in typical
molecular simulations. In particular, we showed how
an extremely large disordered network of sites could be
generated for simulating penetrant diffusion. The short
length-scale properties of this network were matched
to the results of the atomistic level simulations. Site
occupancy probabilities and jump rate constants be-
tween sites were governed by the statistics determined
with our previous transition-state theory simula-
tions.*%42 Their combination has resulted in a coarse-
graining method capable of predicting penetrant diffu-
sion over long length scales.

A reverse Monte Carlo simulation was capable of
replicating the site density, jump length, and jump-to-
jump angle distributions that were observed in the
atomistic simulations within a much larger system.
RMC was then used to match the sorption coefficient
and jump rate constant distributions found in the atomic
systems, with correlations incorporated between large
sorption coefficients and large numbers of connections.
The diffusion behavior extracted from kinetic Monte
Carlo simulations for networks with equal rate con-
stants and sorption probabilities and low or moderate
connectivities reproduced the behaviors present in prior
simulations, indicating that the anomalous regime over
moderate time scales is due (at least in part) to the
randomness of the underlying jump network. Runs on
a network with sorption probabilities and jump rate
constants reflective of methane in glassy atactic polypro-
pylene with moderate connectivity displayed a longer
anomalous region, which resembled the anomalous
region noted in prior simulations and in the equal rate
constant run here, followed by a linear regime. For the
system with realistic sorption probabilities and rate
constants but low connectivity, a smaller exponent was
observed and no linear regime was reached; the breadth
of the rate constant distribution prevented these simu-
lations from reaching the diffusive regime within a
reasonable computation time. The fraction of jumps that
returned a penetrant to its initial state (as a function
of mean-squared displacement) indicated that the mech-
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anism of anomalous diffusion in these separate cases
was due to the same underlying geometric cause. The
qualitative shape of this fraction agreed with analytical
predictions based on a one-dimensional random walk
model. Differences in the rate constant distribution led
to anomalous diffusion occurring over different time
scales but by the same mechanism. The diffusivity
extracted from the moderate-connectivity network with
a rate constant distribution taken from the results of
atomistic TST analysis is ca. 1078 cm? s, This value
for methane in glassy atactic polypropylene is faster
than predicted using correlations developed near room
temperature. However, the predicted diffusivity is in
reasonable agreement with extrapolations from room-
temperature measurements on argon and nitrogen
diffusion in an ethylene/propylene copolymer.
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